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I. Introduction

As has been pointed out by Regenstreif and others, ! the fringing
field of quadrupole magnets causes a coupling between motion in the
two transverse directions. This coupling must be considered in the
design of a transport system, since it is capable of distorting the phase
space in each of the two transverse directions and can result in a de-
terioration of useful beam quality.

This coupling also appears to be important in linear accelerators,
where the particles enter and leave quadrupole magnets many times,
The linac problem has been treated both numerically and a_tmlytically2
and it is shown that while the amplitude of oscillation in either trans-
verse direction may increase, the radial amplitude will be approximately
consgtant. As a result it appears that no allowance for increased bore is
necessary in a linac due to this coupling.

The present note is an application of these considerations to an
AGS synchrotron, where an exchange of oscillation "energy' from ra-
dial to vertical has more serious consequences. In this case, however,
it will turn out that inequality between the two transverse oscillation
frequencies restricis this "energy exchange' to negligible values.

Comparison is also made with the amplitude growths resulting
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from angular misalignment of quadrupole axes. These appear to be
far more serious and suggest as large a detuning of the horizontal and

vertical betatron frequencies as practical.

II. Calculation of Amplitude Changes

It can readily be ShOWnZ that a particle entering and leaving a

quadrupole magnet receives the following impulses per magnet.

2
K. 12
Ex! = - 1 (3xz2+x3),
2
KO ¢ \ (1)
fz! = - (3z x +27),
4
6x = §z = 0, {2)

Here fis the equivalent length of the magnet, and KO is proportional

to the field gradient, i.e. the equation of motion within the magnet is

il
o

"+ KOX

1 —
Z KOZ

1]
o

In the "smooth" approximation one can write
x =Asgin(k 8+ «)
X
x' = Ak_cos (k_s + &) (4)
X X

z =B sin (kzs + B)
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z! = Bkz cOos (kzs + B). (4)

Here k_ = vX/R, k = vZ/R are the wave numbers of the horizontal
and vertical betatron oscillations respectively. The changes in amplitude
and phase per magnet can be obtained by averaging out rapidly varying

terms. The result is

3 Ksz 2
8A = & —— AB"sin ¥, (5a)
X
3 KOZE 2
B = "33 % AB sgin T, {5b)
Z
z2
K_ ¢
3 0 2 2
ba = VA [B(Z+cos\1’)+A], {5c)
X
2
N A% (2 +cos ¥) + B> 5d
& = Y [ { cos T} 1 {5d)
Z
where
o= Z(kx—kz)s+2a—2[3, (5e)

and where the '"frequencies" kX and kz are taken to be almost the
same,

Equations (5a) and (5b) lead immediately to the invariant

2 2
A B o2
- + - C (= constant) (6)
Z b4

2
One then obtains equations for 8"~ and &F :
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2 3 2 2f 2 A%
A = -i'-é'— KO igsin v A |C - k_z‘ (7)
3 2 2A°
bW = 20k -k )L+ 7 Kot (2+cos@)63 o )
k zwkkzz , Kk 5
+ A° - 2 ¢, (8)
2 K
k Z
X Z

where 1. is the distance between magnets.
It will be shown feollowing Eq. (10) that the dominant term
in Eqg. (8) for an AGS is the first term on the right. In this case one

can then write

The complicated invariant which can be constructed from Egs.
(7) and (8) restricts the excursion of A and B. This is simply approxi-
mated by setting §cos ¥ = +2 in Eq. (?9), in which case we find for

the maximum excursion in A

K Zop°

sal o 2 0 . (10a)

A 32  k (k. -k L
¥ X Z

Similarly,

5B 3 Koz’ZAZ

B 5 33 K (k -k L (10b)
zZ X
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The quantities in Eg. (10a) or (10b) are precisely the relative
magnitude of the neglected to the retained term in going from (8) to (9).
If the amplitude changes in (10) are small, the approximation used in
going from (8) to (9) is valid.

If we now take as our model for the transverse focusing

o
t

e L ]

with 2 < < 1., we can write

KOJZ
ko= KOJE)'L’ kx = kz = 2 (11)
In the "'smoothed" approximation
IE_%_’-_-EEE_L sBl. 3 A° o (12)
A 8§ IfL Av 7 B 8 L Av °
where Av/v is fractional difference in horizontal and vertical "tunes, "™
III. Numerical Values and Conclusions
The present parameters for the NAL main ring are
“If one takes into account the strong focusing character of the oscilla-
tions, the result in Eq, (12) is reduced by the factor
2o b 5 (12a)
(1 + sin % )
K 4L

3 & =
where sin > 5
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2 meters

b
n

L = 30 meters

A = 4cm
B = 2cm
Av v 04
v ~ 20

With these parameters one finds from Eqg. (12)

< 5 x 1077, (13)

These amplitude changes are clearly quite small™ and can be
neglected, as long as Av is not is not teco small,

It is useful to compare the amplitude changes in Eq. (12) with
those which occur because of random misalignment of the quadrupole
axes., A simplified analysis with approximate results is given in the

next section.

IV. Random Misalignment of Quadrupole Axes

Misalignment of the quadrupole axes can also lead to xy coupling.

For axes rotated by a small angle § one has

It

er = az' HX alz + 20x)
{14)

n

H = ax! H a(x - 262)

z! z

and the equations of motion are

:':The factor in (122} reduces these changes to approximately 25% of the
values in (13).
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x"+ K({s)x =268(s)K (s)z

(15)
z" - K(s)z = -260(s)K (s)x
The term of greatest importance for v, = v, comes from that
harmonic of the right side of (15) which corresponds roughly to the
average of 26(s)K (s). Retaining only this term, and using the
"smoothed" approximation for the left side of (15), one obtains
2, 2
X”+(X /R = ez,
(16)
2, 2
7"+ (uz /R)z = ex ,
where (17)
27R N
e = == [ 6K (s)ds - o o_(-1)" Vot 1 6 (-1
2mR - 2mR n L N n(-1)
0 n=1 24

Here N is the number of quadrupoles and the quadrupole geometry is
that shown in the previous figure.

It is possible to solve Eq. (16) exactly. However, it is also
useful to consider a phase amplitude method on (16) which leads to
two adiabatic invariants. The first of these describes the fact that
AZ + BZ is approximately constant, and the second restricts the ex-
cursions of A and B. This method also works if € is a general har-
monic of the rotation errors considered as a function of azimuth., In
this case the exact solution is not easily obtained, but the adiabatic

invariants appear as before. For sum-type resonances the second
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invariant leads to the usual stop band region in which the amplitudes
grow without limit,

Our concern here is to estimate the amplitude growth corres -
ponding to Eq. (16) in the vicinity of the v, = v, resonance. The per-
turbed part of the solution of Eq. (16) to first order in € can be written
as (note that §x(0) = §x'(0} = 0):

eB [cos (vzs/R) - cos (vxs/R)]

§x(s) = : 5 > s (18

v v
X z

R R

and the resulting maximum excursion in x is

2 2
- 2e R . €R
|5A| = B ——— B, (19a)
v =V
X z
where Av =v_ -y . Similarly,
X Z
2
- R
lGB l = YN A, (19b)

2 .
These formulas are valid as long as €R /vAv is small compared to 1.
One can also expeess Eq. {19) in terms of the equivalent stop band

width which, for the sum resonances, ig*

"This result for the amplitude growth is similar to that obtained by
Courant and Snyder, Annals of Physics 3, (1958), in Eq. (4.55) for the
one dimensional problem, The fact that our two dimensional result
yvields the same coefficient as their one dimensional result is related
to the fact that coupling term is linear in the oscillation amplitude in
both cases.
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2

_ 2€eR
6v p = , (20)

giving
ah ). |2E . "VsB 2
B A 2Av (1)
For the lattice shown in the previous figure

S T 22
47 2 ’ (22)

using Eq, (11). If one considers the angular errors to be randomly dis -

tributed, one can obtain an rms average for ¢, leading to

4
iveg 7 7 9pmg VN (23)
a.nd’z<
8 N
‘éé_ ~ |8B] . 2 _rms (24)
B A ™ Ay
Using
N = 200
6 =107 rad (25)
rms
Av = 04
one finds

“The result in Eq. (23) is the same as that of Eq. (4.95) of Courant and
Snyder (loc. cit.), applied to our quadrupole configuration.
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If one desires to limit amplitude growths to less than 20%,
Grms will have to be less than a milliradian, or Av will have to be in-
creased, or both.

It is also posgsible to reduce the effect of this coupling by careful
alignment of magnets axes in F-D pairs. If 6, is the rms value of the

angle between the F and D axes, ., in Eq. (24} is to be replaced by

By/N2. If 0, is the rms value of the alignment of the pair, Brms in
Eq. (24) is to be replaced by (27)
F D 2 F K D D ‘2
[6.% & pF -8 8" -8
(6,/2) = - 2 + J L
1 5 F 5 D [3X{3
¥ Y 7

where L is the separation of the doublet. It appears that the booster
is being designed to have a small value of 8, in order to minimize the

growth due to this coupling.

V. Conclusions

Coupling of the two transverse motions in the quadrupole fring-
ing fields leads to the maximum amplitude growth given in Egs. (12)
and (12a), For the contemplated parameters of the NAL 200 BeV
main ring, these growths are well below 1%.

These growths are evidently much less serious than those oc -

curring because of angular misalignment of the quadrupoles, which are
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given in Eq, (24). In order to keep the maximum growths small, one
must either detune v and v, appropriately, or maintain a tight tolerance

on the angular alignment of the quadrupoles.
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